Karl Wirth was a mathematics teacher in Zürich. Since his retirement he is concerned with mathematical problems in connection with chemical structures.
In the special case of an e-metry f where λ( f ) is the identity, we speak of an isometry (this uniquely determines an 'isometry' in its ordinary sense, i.e., a length preserving map of the whole space onto itself).
Of course, the e-classes form a (set) partition of all tetrahedrons. By constructive combinatorics we now generate the e-classes in showing how Tab. 1 is obtained: In the first column, the number n of different edge lengths, called lengths number, varies from 1 to 6. In the second column, the distributions of the edge lengths correspond to the 11 (number) partitions of 6, i.e., 6, 5+1, . . . , 1+1+1+1+1+1, for short written as 6, 51, . . . , 111111, denoted by m and named lengths partition. In each row with a given lengths partition m, the different arrangements of the edges are elaborated. This leads to a total of 25 cells where each cell contains a drawing of a tetrahedron (edge lengths differentiated by line formats) representing one of the 25 e-classes: [T 1 ] e , [T 2 ] e , . . . , [T 25 ] e ; this classification is also found in [2] . The further information within the cells will be explained in the following Section 2.
Remark. So far, we have tacitly assumed that the tetrahedrons under consideration actually exist. But if one admits any six lengths there are those that are not the edge lengths of a tetrahedron, a circumstance which was originally treated by Menger, Blumenthal, Herzog and others and was elaborated in a survey article [5] . In this paper, given edge lengths will always define a tetrahedron.
Symmetry and permetry groups
Based on e-metries, we consider what we call permetries as a conceptual extension of the well known symmetries of a tetrahedron: The expression 'permetry' p is used, because p permutes the edge lengths of a tetrahedron T , i.e., the longometry λ( p) is an edge lengths permutation. A permetry p where λ( p) is the identity, is called a symmetry (again, this uniquely determines a 'symmetry' in its ordinary sense).
Just as the symmetries of a tetrahedron T form a group, so do the permetries and the longometries of T . The groups are called symmetry, permetry and longometry group and denoted by , and ℒ, respectively. The map λ which assigns to each permetry p of T the longometry λ( p) is a group homomorphism from to ℒ with the kernel and, as is well known from group theory, ℒ and the factor group / are isomorphic.
We use Schoenfliess symbols (common for symmetry groups in chemistry) to designate both groups and of a tetrahedron T . They are explained in Tab. 2 as subgroups of the full symmetry group of a regular tetrahedron T reg : Consider a vertex map from T to T reg , where the edges of T reg have been colored in such a way that there is induced a bijection between equal edge lengths of T and equal edge color of T reg . The groups and of T are then isomorphic with the 'color preserving' and with the 'color equality preserving' symmetry group of T reg , respectively.
The Schoenfliess symbols of the symmetry groups i and permetry groups i of the e-class representatives (4) and 1 two-fold rotation and 2 mirror reflections (in planes intersecting at the rotation axis) C 3v (6) and 2 three-fold rotations (around the same axis) and 3 mirror reflections (in planes intersecting at the rotation axis) S 4 (4) and 1 two-fold rotation and 2 four-fold rotation reflections (all around the same axis) D 2d (8) and 3 two-fold rotations (around different axes) and 2 mirror reflections (in planes intersecting at one of the rotation axes) and 2 four-fold rotation reflections (around this axis)
'visual coincidence operations' with their representatives T i , but can also be generated by a canonizing procedure, which will be summarized here briefly.
The canonizing procedure is based on relational descriptions, or for short descriptions, of the given tetrahedron and an appropriate canonizing algorithm. Since the one we use operates with a minimizing process it will be called minimizing algorithm (see [3] , [4] , [6] ). We explain with an example, namely with the tetrahedron T of the e-class A first description of T , denoted by Desc 1 (T ), looks as follows:
This description comprises the vertex set X followed by n = 4 so-called metric relations R 1 , R 2 , R 3 , and R 4 , each of which contains symmetric pairs of vertexes (written without brackets and commas) representing equal edge lengths; the metric relations are ordered according to increasing lengths (identified by the indices). The minimizing algorithm now searches for those numberings μ : X → {1, 2, 3, 4} which, after lexicographic ordering within each of the numbered X, R 1 , R 2 , R 3 , and R 4 , lead to a lexicographically smallest sequence, called the minimal canonization of T and denoted by Min(T ). In this way, Min(T ) results from each of the two numberings μ 1 and μ 2 ; they are named minimal numberings: 2, 3, 4 
The two symmetries of 22 ∼ = C 2 are μ 
, one can create further descriptions of T , all transformable by the minimizing algorithm to the same Min(T ) as already achieved from Desc 1 (T ). They are obtained by certain permutations of the metric relations R 1 , R 2 , R 3 , and R 4 . We find three of them, Desc 2 (T ), Desc 3 (T ), and Desc 4 (T ), each leading to Min(T ) by two minimal numberings (not shown explicitly):
Thus we have eight permetries: the already mentioned μ 
, form a group of order 4 which is isomorphic with the longometry group of T .
Remarks.
(1) It is possible to extend the concepts symmetry, permetry and longometry group to polyhedrons or even to polytopes. These groups may be achieved by the canonizing procedure just illustrated. Such a symmetry group of a d-dimensional polytope was in [4] named automorphism group (the elements, being vertex permutations, are the automorphisms of the description). The automorphism group is isomorphic with the 'ordinary symmetry group' (where the elements are the isometries of the whole ddimensional embedding space which map the polytope onto itself). But note that for polytopes, being different from simplexes, the automorphism group alone does not, in general, uniquely determine the kind of the isometries assigned by the isomorphism (for details see [4] ). (2) It should also be mentioned that the canonizing procedure has been applied to generate the symmetry groups of non-rigid figures, which are not easily obtainable by 'visual coincidence operations', but which are of prime importance as models, for instance, of molecular structures (see [1] ).
Tetrahedron o-classes
We start again with triangles (the simplexes in 2-space): Isosceles triangles can be subdivided into two classes, the one where the laterals are larger than the base and the one in which they are smaller. By analogy, we consider subdivisions of the e-classes of tetrahedrons: 
. Let T be a tetrahedron with lengths number n and longometry group ℒ. Then the number ω of o-classes within the e-class [T ] e is given by ω = n!/|ℒ|.
Proof. We use a finite completely tetrahedral set W (see [5] ) with |W | = n. This assures that all o-classes within [T ] e can be represented by tetrahedrons with edge lengths from W which is achieved as follows: Consider e-metries f k with 1 ≤ k ≤ n! from a tetrahedron 1 ∈ [T ] e to tetrahedrons k such that (a) all k have edge lengths from W and (b) all λ( f k ) are mutually different. Clearly, to a fixed k and to each e-metry g from 1 to k there is assigned a permetry p of 1 , such that p = g −1 f k and thus (c):
. Now, when does k belong to the o-class [ 1 ] o ? By Definition 3.1, there must exist an o-metry g from 1 to k which, according to (a) and since λ(g) preserves the order, is exactly the case if g will be an isometry. But such an isometry g is given if and only if λ(g −1 ) is the identity which, because of (c), is equivalent to λ( f k ) = λ( p) or, in other words, to λ( f k ) being equal to a longometry of 1 . From (b) and since the longometry group ℒ is an e-class property follows that the o-class 2 2 2 1 3 3 6 6 6 6 2 3 1 4 12 4 24 12 12 6 60 15 30 Tab. 3 There are, for instance, ω 22 = 6 o-classes within [T 22 ] e represented by the tetrahedrons as shown in Fig. 3 , all of which exist according to Tab. 4 (see next Section 4). Note that the 2nd tetrahedron from the right is the tetrahedron T of Fig. 2 . Remarks.
(1) The minimum value is ω 1 = ω 6 = ω 15 = 1 and, in these cases, the e-classes and o-classes coincide 
Smallest p-and q-sets
In this section we consider o-classes within two simple further classifications which can immediately be recognized by inspecting the first and second column of Tab. 1:
where T is a representative, consists of all tetrahedrons with the same lengths partition m as T or the same lengths number (quantity) n as T , respectively.
There are 11 p-classes and 6 q-classes, both forming a partition of all tetrahedrons. Of course, the p-classes make up a refinement of the q-classes. Including the e-classes and o-classes we have:
First, let us consider the p-class [T ] p where T has lengths partition m and lengths number n. We define a smallest p-set P m as the set of the n smallest successive integers, such that for each o-class within [T ] p there exists a representative with edge lengths from P m . How can P m be determined?
For this purpose we make use of spawning tetrahedrons and digress for a short summary of their features (see also [5] ). By definition, a spawning tetrahedron is given according to Fig. 4 with The attribute 'spawning' is justified by the following remarkable property: All (anisometric) tetrahedrons conceivable by rearranging the edges of a spawning tetrahedron exist. But when do given edge lengths with the order a ≥ b ≥ c ≥ d ≥ e ≥ f determine a spawning tetrahedron? A necessary and sufficient condition is given by D > 0 where
Of course, the attribute 'spawning', being based on the order of edge lengths, describes an o-class property. There are 32 spawning o-classes since 
In each of these spawning conditions we replace the 4 unequal variables with u, u + 1, u + 2, and u + 3 (while adhering to the order) and form the respective Cayley-Menger determinants, being denoted by
, and D 6 . We then calculate the smallest positive solution u s of the following system of diophantine inequalities:
The result u s = 5 leads to the smallest p-set P 2211 = {5, 6, 7, 8} as shown in Tab Tab. 4 We now turn to Tab. 4b. Let [T ] q be the q-class where T has lengths number n. By analogy to a smallest p-set P m , we define a smallest q-set Q n as the set of the n smallest successive integers such that for each o-class within [T ] q there exists a representative with edge lengths from Q n . There are Remark. The reader may see that the calculation of the smallest p-and q-sets could be simplified should the following conjecture be true: If in a tetrahedron all 6 edges are extended by the same length t (in our case by t = 1), then the resulting edges, being arranged in the same way, again determine a tetrahedron.
Higher dimensions
A generalization in d-dimensional spaces may be considered. We counted the numbers of the simplex q-, p-, e-and o-classes denoted by q(d), p(d), e(d), and o(d), respectively. These numbers can be calculated as follows: q(d) = 
